Introduction
Let G be a simple and simply connected complex algebraic group. Let M G,X be the stack of G-bundles on the smooth, connected and projective complex curve X of genus g. If ρ : G → SL r is a representation of G, denote by D ρ the pullback of the determinant bundle [D-N] under the morphism M G,X → M SL r ,X defined by extension of the structure group. Associate to G the number d(G) and the representation ρ(G) as follows: Moreover we may choose L in such a way that L ⊗d(G) = D ρ(G) .
The above theorem is proved, for classical G and G 2 , in [L-S] where it also shown that the space of sections H 0 (M G,X , L ) may be identified to the space of conformal blocks B G,X ( ; p; 0) (see (2.2.1) for its definition There is a topological approach to theorem 1.1: as suggested in [L-S] , in order to prove theorem 1.1 it suffices to show that the group of algebraic morphisms from X {p} to G is simply connected, which would follow from that fact that this group is homotopy equivalent to the group of smooth morphisms from X {p} to G. A proof of the last statement, hence of theorem 1.1 is discussed in [T] . My proof however, avoids this question and is purely algebraic in nature: the basic idea is not only to identify the space of conformal blocks B G,X ( ; p; 0) with sections of L provided that L exists, but also to use the space of conformal blocks and its properties as the decomposition formulas of [T-U-Y] and [F] to prove the existence of L. I would like to thank V. Drinfeld for a helpful question on a previous version of this paper and P. Polo for useful discussions on (4.1.1).
Conformal Blocks
(2.1) Affine Lie algebras. Let g be a simple finite dimensional Lie algebra of rank r over C. Let P be the weight lattice, P + be the subset of dominant weights and ( i ) i=1,...,r be the fundamental weights. Given a dominant weight λ, we denote L(λ) the associated simple g-module with highest weight λ. Finally ( , ) will be the Cartan-Killing form normalized such that for the highest root θ we have (θ, θ) = 2. Let Lg = g ⊗ C C((z)) be the loop algebra of g and Lg be the central extension of Lg
Fix an integer . Call a representation of Lg of level if the center acts by multiplication by . The theory of affine Lie algebras affirms that the irreducible and integrable representations of Lg are classified by the dominant weights belonging to P = {λ ∈ P + /(λ, θ) ≤ }. For λ ∈ P , denote H (λ) the associated representation.
(2.2) Definition of conformal blocks. Fix an integer (the level) ≥ 0. Let (X, p) be an n-pointed smooth and projective curve (we denote p = (p 1 , . . . , p n )) and suppose that the points are labeled by λ = (λ 1 , . . . , λ n ) ∈ P n respectively. Choose an additional point p ∈ X and a local coordinate z at p. Let X * = X {p} and L X g be the Lie algebra
We have a morphism on Lie algebras L X g → Lg by associating to X ⊗ f the element X ⊗f , wheref is the Laurent developpement of f at p. By the residue theorem, the restriction to L X g of the central extension (2.1.1) splits and we may see L X g as a Lie subalgebra of Lg. In particular, the Lg-module H (0) may be seen as a
evaluation at p i . The vector space of conformal blocks is defined as follows:
where [] L X g means that we take co-invariants. (2.3) Application: Let X be a smooth connected curve with one marked point p ∈ X. Using d) and c) and then b) and a) it follows that B G,X (1; p; 0) is non trivial, which will be crucial in the proof of theorem 1.1. 
The Picard group of M
It follows from the uniformization theorem that
hence in order to understand Pic(M G,X ) it suffices to understand Pic L X G (Q G ). The Picard group of Q G itself is infinite cyclic; let me recall how its positive generator may be defined in terms of central extensions of LG.
(3.2) If H is an (infinite) dimensional vector space over C, we define the C-space End(H) by R → End(H ⊗ C R), the C-group GL(H) as the group of its units and PGL(H) by GL(H)/G m . The C-group LG acts on Lg by the adjoint action which is extended to Lg by the following formula:
where γ ∈ LG(R), α = (α , s) ∈ Lg(R) and ( , ) is the R((z))-bilinear extension of the Cartan-Killing form. The main tool we use, due to Faltings, is that ifπ : Lg → End(H) is an integral highest weight representation, then for R a C-algebra and γ ∈ LG(R) there is, locally over Spec(R), an automorphism u γ of H R = H ⊗ C R, unique up to R * , such that (3.2.1)
By the above, the representationπ may be "integrated" to a (unique) algebraic projective representation of LG, i.e. that there is a morphism of C-groups π : LG → PGL(H) whose derivative coincides withπ up to homothety. Indeed, thanks to the unicity property the automorphisms u associated locally to γ glue together to define an element π(γ) ∈ PGL(H)(R) and still because of the unicity property, π defines a morphism of C-groups. The assertion on the derivative is consequence of (3.2.1). We apply this to the basic representation H 1 (0) of Lg. Consider the central extension
The pull back of (3.2.2) to LG defines a central extension to which we refer as the canonical central extension of LG:
hence we may define a line bundle on the homogeneous space Proof: Let B = B G,X ( ; p; 0). We know from (2.3) that B = 0. Remark that the commutativity of (3.2.1) implies that for γ ∈ L X G(R) the associated automorphism u γ of H maps coinvariants to coinvariants. We get a morphism of C-groups π : L X G → PGL(B) hence we may consider the diagram
By construction, the central extension of L X G above coincides with the central extension obtained by restriction of (3.2.3) to L X G. By definition of B, the derivative of
.1) it follows that π has to be the constant map identity. Indeed, write L X G as the direct limit of integral schemes V n and remark that π has to be constant on V n ; for large n, as V n contains 1, this constant is π(1) = 1. So π being the identity,π factors through G m which gives the desired splitting. It is known (see [L-S] , 9.2 and 9.3) that r 3 is injective (normality of M G,X ), that c reg is an isomorphism (smoothness of M reg G,X ) and that r 4 is an isomorphism (the complement
